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We presented a general approach for obtaining the generalized transport equations with fractional derivatives
by using the Liouville equation with fractional derivatives for a system of classical particles and Zubarev’s
nonequilibrium statistical operator (NSO) method within Gibbs statistics. The new non-Markovian diffusion
equations of ions in spatially heterogeneous environment with fractal structure and generalized Cattaneo-
Maxwell diffusion equation with taking into account the space-time nonlocality are obtained. Dispersion rela-
tions are found for the Cattaneo-Maxwell diffusion equation with taking into account the space-time nonlocality
in fractional derivatives. The frequency spectrum, phase and group velocities are calculated. It is shown that it
has a wave behaviour with discontinuities, which are also manifested in the behaviour of the phase velocity.
Key words: Cattaneo equation, Cattaneo-Maxwell diffusion equation, Gibbs statistics, nonequilibrium
statistical operator
1. Introduction
Studies of nonequilibrium processes with spatio-temporal nonlocality are relevant in the statistical
physics of soft matter.
One of the important problems in the theory of nonequilibrium processes of interacting particles is
the calculation of memory functions (transfer kernels) in transport equations in a wide region of spatio-
temporal dependence, including the region of anomalous behaviour, in particular, sub-, superdiffusions,
which are experimentally realized in condensed systems.
Mathematical modelling of diffusion (sub-, superdiffusion) transfer processes in porous and complex
nano-structured (with characteristic fractality) systems requires the use of transfer equations with signif-
icant spatial inhomogeneity and temporal memory. An actual problem for description of nonequilibrium
processes in complex systems is the construction of generalized diffusion and wave equations [1–3] using
fractional integrals and derivatives.
Relevance and research methods in this field are discussed in [4] (and references therein).
The dispersion of heat waves in a dissipative environment using the Cattaneo-Maxwell heat diffusion
equation with fractional derivatives is investigated in [5]. Based on this equation, the frequency spectrum,
phase and group velocities of propagation of heat waves in a dissipative environment are investigated.
In our works [4, 6–15], a statistical approach to obtain generalized spatio-temporal nonlocal transfer
equations was developed by using the Zubarev nonequilibrium statistical operator (NSO)method [16–18]
and the Liouville equation with fractional derivatives [19, 20]. In particular, the generalized diffusion
equations of Cattaneo [4, 7, 9], Cattaneo-Maxwell [10] and electrodiffusion [11–14], kinetic equa-
tions [15] with spatio-temporal fractional derivatives were obtained.
In the second section,we present a statistical approach to construct generalized transfer equations using
the NSOmethod and the Liouville equation with fractional derivatives. In the third section, a generalized
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diffusion equation with fractional derivatives is obtained based on this approach. Generalized Cattaneo-
Maxwell diffusion equationwith fractional derivativeswill be obtained bymodelling thememory function
and using fractional calculusmethods. In the fourth section, model calculations of the frequency spectrum
of the Cattaneo-Maxwell diffusion equation with fractional derivatives are performed.
2. Liouville equation with fractional derivatives for classical system of
particles
We use the Liouville equation with fractional derivatives obtained by Tarasov in [19, 20] for a
nonequilibrium particle function ρ(xN ; t) of a classical system
∂
∂t
ρ(xN ; t) + iLαρ(xN ; t) = 0, (2.1)
where iLα is the Liouville operator with the fractional derivatives,
iLαρ(xN ; t) =
N∑
j=1
[
Dα®p jH(®r, ®p)D
α
®rj − D
α
®rjH(®r, ®p)D
α
®p j
]
ρ(xN ; t), (2.2)
xN = x1, . . . , xN , xj = {®rj, ®pj} are dimensionless generalized coordinates, ®rj = (rj1, . . . , rjm), and gener-
alizedmomentum, ®pj = (pj1, . . . , pjm), [21] of j-th particle in the phase spacewith a fractional differential
volume element [20, 22] dαV = dαx1 . . . dαxN . Here, m = Mr0/p0t0, M is the mass of particle, r0 is
a characteristic scale in the configuration space, p0 is a characteristic momentum, and t0 is a character-
istic time. dα is a fractional differential [22] that is defined by dα f (x) = ∑2Nj=1 Dαx j f (x)(dxj)α, where
(dxj)α := sgn(dxj)|dxj |α [23, 24], Dαx f (x) = 1Γ(n−α)
∫ x
0
f (n)(z)
(x−z)α+1−n dz is the Caputo fractional deriva-
tive [25–28], n − 1 < α < n, f (n)(z) = dndzn f (z) with the properties Dαx j 1 = 0 and Dαx j xl = 0, ( j , l).
A solution of the Liouville equation (2.1) will be found with the Zubarev nonequilibrium statistical
operator method [16, 17]. After choosing parameters of the reduced description, taking into account
the projections, we present the nonequilibrium particle function ρ(xN ; t) (as a solution of the Liouville
equation) in the general form
ρ(xN ; t) = ρrel(xN ; t) −
t∫
−∞
eε(t
′−t)T(t, t ′) [1 − Prel(t ′)] iLαρrel(xN ; t ′)dt ′, (2.3)
whereT(t, t ′) = exp+{−
∫ t
t′[1−Prel(t ′)]iLαdt ′} is the evolution operator in time containing the projection,
exp+ is ordered exponential, ε → +0 after taking the thermodynamic limit, Prel(t ′) is the generalized
Kawasaki-Gunton projection operator depending on a structure of the relevant statistical operator (distri-
bution function), ρrel(xN ; t ′). By using the Zubarev nonequilibrium statistical operator method [16, 17],
ρrel(xN ; t ′) will be found from the extremum of the Gibbs entropy at fixed values of the observed values
〈Pˆn(x)〉tα, taking into account the normalization condition 〈1〉tα,rel = 1, where the nonequilibrium average
values are found, respectively [19],
〈Pˆn(x)〉tα = Iˆα(1, . . . , N)Tˆ(1, . . . , N)Pˆnρ(xN ; t). (2.4)
The operator Iˆα(1, . . . , N) has the following form for a system of N particles Iˆα(1, . . . , N) = Iˆα(1) . . .
Iˆα(N), Iˆα( j) = Iˆα(®rj)Iˆα( ®pj) and defines the operation of integration Iˆα(x) f (x) =
∫∞
−∞ f (x)dµα(x),
dµα(x) = |x |
α
Γ(α)dx. The operator Tˆ(1, . . . , N) = Tˆ(1) . . . Tˆ(N) defines the operation Tˆ(xj) f (xj) =
1/2[ f (. . . , x ′j − xj, . . .) + f (. . . , x ′j + xj, . . .)]. Accordingly, the average value, which is calculated with
the relevant distribution function, is defined as 〈(. . .)〉t
α,rel = Iˆ
α(1, . . . , N)Tˆ(1, . . . , N)(. . .)ρrel(xN ; t).
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According to [16, 17], from the extremum of the Gibbs entropy functional
LR(ρ′) = −Iˆα(1, . . . , N)Tˆ(1, . . . , N)ρ′(t) ln ρ′(t) − γ Iˆα(1, . . . , N)Tˆ(1, . . . , N)ρ′(t)
−
∑
n
∫
dµα(x)Fn(x; t)Iˆα(1, . . . , N)Tˆ(1, . . . , N)Pˆn(x)ρ′(t)
at fixed values of the observed values 〈Pˆn(x)〉tα and the normalization condition Iˆα(1, . . . , N)Tˆ(1, . . . , N)
×ρ′(t) = 1, the relevant distribution function takes the form
ρrel(t) = 1ZG(t) exp
{
−β
[
H −
∑
n
∫
dµα(x)Fn(x; t)Pˆn(x)
]}
, (2.5)
where ZG(t) is the partition function of theGibbs distribution, which is determined from the normalization
condition and has the form: ZG(t) = Iˆα(1, . . . , N)Tˆ(1, . . . , N) exp{−β[H −∑n ∫ dµα(x)Fn(x; t)Pˆn(x)]}.
The Lagrangian multiplier γ is determined by the normalization condition Iˆα(1, . . . , N)Tˆ(1, . . . , N)
×ρ′(t) = 1. The parameters Fn(x; t) are determined from the self-consistency conditions 〈Pˆn(x)〉tα =
〈Pˆn(x)〉tα,rel .
In the general case of the parameters 〈Pˆn(x)〉tα of the reduced description of nonequilibrium processes
according to (2.3) and (2.5), we get the nonequilibrium statistical operator in the form
ρ(t) = ρrel(t) +
∑
n
∫
dµα(x)
t∫
−∞
eε(t
′−t)T(t, t ′)In(x; t ′)ρrel(t ′)βFn(x; t ′)dt ′, (2.6)
where In(x; t ′) = [1 − P(t)]iLαPˆn(x) are the generalized flows, P(t) is the Mori projection operator [6].
By using the nonequilibrium statistical operator (2.6), we get the generalized transport equation for
the parameters 〈Pˆn(x)〉tα of the reduced description
∂
∂t
〈Pˆn(x)〉tα = 〈iLαPˆn(x)〉tα,rel +
∑
n′
∫
dµα(x ′)
t∫
−∞
eε(t
′−t)ϕPnPn′ (x, x ′; t, t ′)βFn′(x ′; t ′)dt ′, (2.7)
where ϕPnPn′ (x, x ′; t, t ′) = Iˆα(1, . . . , N)Tˆ(1, . . . , N)[In(x; t)T(t, t ′)In′(x ′; t ′)ρrel(xN ; t ′)] are the general-
ized transport kernels (the memory functions), which describe dissipative processes in the system. To
demonstrate the structure of the transport equations (2.7) and the transport kernels, we will consider, for
example, diffusion processes. In the next section, we obtain generalized transport equationswith fractional
derivatives and consider a concrete example of diffusion processes of the particle in non-homogeneous
media.
3. Generalized diffusion equations with fractional derivatives
One of the main parameters for the reduced description of the diffusion processes of the particles
in non-homogeneous media with fractal structure is the nonequilibrium density of the particle numbers,
〈Pˆn(x)〉tα: n(®r; t) = 〈nˆ(®r)〉tα, where nˆ(®r) =
∑N
j=1 δ(®r − ®rj) is the microscopic density of the particles. The
corresponding generalized diffusion equation for n(®r; t) can be obtained based on (2.5)–(2.7)
∂
∂t
〈
nˆ(®r)〉t
α
= Dα®r ·
∫
dµα′(®r ′)
t∫
−∞
eε(t
′−t)Dαα
′(®r, ®r ′; t, t ′) · Dα′®r′ βν(®r ′; t ′)dt ′, (3.1)
where Dαα′(®r, ®r ′; t, t ′) = 〈®ˆvα(®r)T(t, t ′)®ˆvα′(®r ′)〉t
α,rel is the generalized coefficient diffusion of the particles
within the Gibbs statistics. The averaging in Dαα′(®r, ®r ′; t, t ′) is performed with the power-law Gibbs
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distribution, ρrel(t) = 1ZG(t) exp{−β[H −
∫
dµα(®r)ν(®r; t)nˆ(®r)]}, where ZG(t) = Iˆα(1, . . . , N)Tˆ(1, . . . , N)
× exp{−β[H −
∫
dµα(®r)ν(®r; t)nˆ(®r)]} is the partition function of the relevant distribution function, H is a
Hamiltonian of the system. Parameter ν(®r; t) is the chemical potential of the particles, which is determined
from the self-consistency condition, 〈
nˆ(®r)〉t
α
=
〈
nˆ(®r)〉t
α,rel . (3.2)
β = 1/kBT (kB is the Boltzmann constant), T is the equilibrium value of temperature, ®ˆvα(®r) =∑N
j=1 ®vαj δ(®r − ®rj) is the microscopic flux density of the particles.
In the Markov approximation, the generalized coefficient of diffusion in time and space has the form
Dαα
′(®r, ®r ′; t, t ′) ≈ D δ(t − t ′)δ(®r − ®r ′)δαα′ . By excluding the parameter ν(®r ′; t ′) via the self-consistency
condition, we obtain the diffusion equation with fractional derivatives from (3.1)
∂
∂t
〈
nˆ(®r)〉t
α
=
∑
b
DD2αr ν(®r; t ′). (3.3)
The generalized diffusion equation takes into account spatial nonlocality of the system and memory
effects in the generalized coefficient of diffusion Dαα′(®r, ®r ′; t, t ′) within the Gibbs statistics. To show the
multifractal time in the generalized diffusion equation, we use the following approach for the generalized
coefficient of particle diffusion
Dαα
′(®r, ®r ′; t, t ′) = W(t, t ′)D¯αα′(®r, ®r ′), (3.4)
whereW(t, t ′) can be defined as the time memory function. In view of this, (3.1) can be represented as
∂
∂t
〈
nˆ(®r)〉t
α
=
t∫
−∞
eε(t
′−t)W(t, t ′)Ψ(®r; t ′)dt ′, (3.5)
where Ψ(®r; t ′) =
∫
dµα′(®r ′)Dα®r · D¯αα
′(®r, ®r ′) · Dα′®r′ βν(®r ′; t ′).
Further we apply the Fourier transform to (3.5), and, as a result, in frequency representation we get
iωn(®r;ω) = W(ω)Ψ(®r;ω). (3.6)
We can represent the frequency dependence of the memory function in the following form
W(ω) = (iω)
1−ξ
1 + (iωτ)ξ , 0 < ξ 6 1, (3.7)
where the introduced relaxation time τ characterizes the particle transport processes in the system.
Then, (3.6) can be represented as[
1 + (iωτ)ξ ] iωn(®r;ω) = (iω)1−ξΨ(®r;ω). (3.8)
Further we use the Fourier transform to fractional derivatives of functions
L
(
0D
1−ξ
t f (t); iω
)
= (iω)1−ξL( f (t); iω), (3.9)
where 0D
1−ξ
t f (t) = 1Γ(ξ) ddt
∫ t
0
f (τ)
(t−τ)1−ξ dτ is the Riemann-Liouville fractional derivative. By using it, the
inverse transformation of (3.8) to time representation yields the Cattaneo-Maxwell generalized diffusion
equation with taking into account spatial fractality, in the expanded form
0D
2ξ
t n(®r; t)τξ + 0Dξt n(®r; t) =
∫
dµα′(®r ′)Dαr · D¯(®r, ®r ′) · Dα
′
r′ βν(®r ′; t), (3.10)
which is the new Cattaneo-Maxwell generalized equation within the Gibbs statistics with time and
spatial nonlocality. Equation (3.10) contains significant spatial heterogeneity in D¯αα′(®r, ®r ′). If we neglect
spatial heterogeneity, D¯αα′(®r, ®r ′) = D¯ δ(®r − ®r ′)δαα′, we get the Cattaneo-Maxwell diffusion equation with
space-time nonlocality and constant coefficients of diffusion within the Gibbs statistics
0D
2ξ
t n(®r; t)τξ + 0Dξt n(®r; t) = D¯D2αr βν(®r; t). (3.11)
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4. Dispersion relation for the time-space-fractional Cattaneo-Maxwell
diffusion equation
Using the self-consistent condition (3.2) and the approved approximations, (3.11) can be written as
0D
2ξ
t n(®r; t)τξ + 0Dξt n(®r; t) − D¯′D2αr n(®r; t) = 0, (4.1)
where D¯′ is the renormalized diffusion coefficient. For simplicity, we consider the one-dimensional case
and a solution of (4.1) will be sought in the form of the plane wave, n(x; t) ∼ e−iωt+ikx . Then, we get the
corresponding frequency spectrum, τξ (−iω)2ξ + (−iω)ξ − D¯′(ik)2α = 0.
Let us consider the case α = 1 and 0 < ξ < 1. A similar problem is solved in [5] while investigating
the dispersion relations for the Cattaneo-Maxwell heat transfer equation with fractional derivatives. At
α = 1, we get the equation τξ (−iω)2ξ + (−iω)ξ + D¯′k2 = 0, the solution of which has the form:
(−iω)ξ = [−1 ±
√
1 − (k/k0)2]/(2τξ ), where k0 = 1/
√
4τξ D¯′. Next, we find imaginary and real parts of
the frequency by putting ω(k) = ωr(k) + iωi(k) = |ω(k)|eiθ(k), |ω| > 0, −pi < θ 6 pi. Then, we get
ωr(k) =

− 121/ξτ
[
1 ±
√
1 − (k/k0)2
]1/ξ
sin piξ , 0 6 k 6 k0 ,
∓ 1τ
(
k
2k0
)1/ξ
sin
[
− piξ + 1ξ arctan
√
(k/k0)2 − 1
]
, k > k0 ,
ωi(k) =

1
21/ξτ
[
1 ∓
√
1 − (k/k0)2
]1/ξ
cos piξ , 0 6 k 6 k0 ,
1
τ
(
k
2k0
)1/ξ
cos
[
− piξ + 1ξ arctan
√
(k/k0)2 − 1
]
, k > k0.
According to definitions of the phase vp(k) and group velocities vg(k): vp(k) = ωr(k)k , vg(k) = ∂∂kωr(k),
we obtain the following expressions for vp(k) and vg(k):
vp(k) =

− 121/ξτk
[
1 ±
√
1 − (k/k0)2
]1/ξ
sin piξ , 0 6 k 6 k0 ,
∓ 1τk
(
k
2k0
)1/ξ
sin
[
− piξ + 1ξ arctan
√
(k/k0)2 − 1
]
, k > k0 ,
vg(k) =

± 121/ξτξ
k/k20√
1−(k/k0)2
[
1 ±
√
1 − (k/k0)2
] 1−ξ
ξ sin piξ , 0 6 k 6 k0 ,
∓ 1ξτk
(
k
2k0
)1/ξ {
sin
[
− piξ + 1ξ arctan
√
(k/k0)2 − 1
]
+ 1√
(k/k0)2−1
cos
[
− piξ + 1ξ arctan
√
(k/k0)2 − 1
] }
, k > k0.
Note that
lim
k→k0−0
ωr(k) = − 121/ξτ sin piξ , limk→k0+0ωr(k) = ∓
1
21/ξτ sin
pi
ξ ,
lim
k→k0−0
ωi(k) = lim
k→k0+0
ωi(k) = 121/ξτ cos piξ ,
lim
k→k0−0
vp(k) = − 121/ξτk sin piξ , limk→k0+0 vp(k) = ∓
1
21/ξτk sin
pi
ξ ,
i.e., one branch of the real part of the frequency is continuous, the other branch has a first-order gap at
k = k0 (the same is for phase velocity), whereas the imaginary part of the frequency is a continuous
function everywhere.
At ξ = 1, we have well-known expressions for the ordinary Cattaneo-Maxwell equation:
ωr(k) =
{
0, 0 6 k 6 k0 ,
∓ 12τ
√
(k/k0)2 − 1, k > k0 , ωi(k) =
 −
1∓
√
1−(k/k0)2
2τ , 0 6 k 6 k0 ,
− 12τ , k > k0 ,
vp(k) =
{
0, 0 6 k 6 k0 ,
∓ 12τk
√
(k/k0)2 − 1, k > k0 , vg(k) =
{ 0, 0 6 k 6 k0 ,
± 12τ
k/k20√
(k/k0)2−1
, k > k0.
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Figure 1. (Colour online) The frequency spectrum for τ = 0.2, D¯′ = 1.
Figure 2. (Colour online) The phase vp(k) and group vg(k) velocities for τ = 0.2, D¯′ = 1.
Using the analytic expressions for the frequency spectrum, numerical calculations are carried out at
fixed values of the relaxation time τ = 0.2 and the diffusion coefficient D¯′ = 1 with different values of the
order ξ of the fractional derivative, ξ = 1.0, 0.9, 0.8, 0.7. The results of the calculations are presented in
figures 1–2. In the domain k > k0, the signs are chosen so that the corresponding branches of the curves at
ξ = 1 coincide with the corresponding well-known results for the ordinary Cattaneo-Maxwell equation.
Instead, there are two branches of the real part of the frequency in the domain 0 6 k 6 k0, as they both at
ξ = 1 coincide with the corresponding well-known results for the ordinary Cattaneo-Maxwell equation.
Due to the nonlinearity of the equation, the point k0 is a bifurcation point that disappears at ξ = 1. At this
point, two solutions appear, and when ξ tends to 1, they approach each other until a complete coincidence
is reached. As the parameter ξ decreases (ξ = 0.9, 0.8, 0.7), the real part of the frequency ωr(k) becomes
a discontinuous function with an increasing gap at k = k0, the imaginary part of the frequency ωi(k)
stops to be constant at k > k0, ωi(k) decreases. According to the frequency spectrum, the behaviour of
the phase and group velocities changes with a decrease of ξ. For ξ = 0.9, 0.8, 0.7 the phase velocity vp(k)
has a gap, and the group velocity vg(k) has λ-like behaviour. Such a behaviour of the frequency spectrum,
phase and group velocities in diffusion processes with corresponding characteristic relaxation time and
23003-6
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diffusion coefficient may indicate a change in the properties of the environment in which the diffusion of
particles takes place. These mechanisms are determined by the characteristic relaxation time τ and the
diffusion coefficient D¯′, which resulted from the corresponding modelling of the memory function (3.7).
During the study of the frequency spectrum, the parameters τ and D¯′ are fixed, we change the values
of the fractional derivative index ξ. Obviously, for real diffusion processes (see, for example, [14]), the
parameters τ and D¯′ would be matched by a specific value of the fractional derivative index ξ, which
would characterize the anomaly of the process. There is a transition from a normal diffusion process with
characteristic relaxation time, described by the ordinary Cattaneo-Maxwell equation, to an anomalous
mode, described by the Cattaneo-Maxwell equation with fractional derivatives, with corresponding
discontinuities for the real part of the frequency spectrum, which describes the spread of the process, and
the λ-like behaviour of the group velocities. This is a model research and it is obvious that features of
the frequency spectrum studies would be important and quite interesting while investigating the diffusion
wave processes for specific real systems.
5. Conclusions
We briefly presented the general approach for obtaining the generalized transport equations with
the fractional derivatives by using the Liouville equation with the fractional derivatives for a system of
classical particles and the Zubarev nonequilibrium statistical operator method within the Gibbs statistics.
By using this approach, the model memory functions, and fractional calculus, the generalized Cattaneo-
Maxwell diffusion equations with taking into account the space-time nonlocality have been obtained.
The dispersion equation for the Cattaneo-Maxwell-type diffusion equation is found, taking into
account the time-spatial nonlocality in fractional derivatives. In the case of the time nonlocality, solutions
of this dispersion equation are found. It is found that the frequency spectrum, the corresponding phase,
and group velocities have a bifurcation point, which disappears as the fractional derivative index ξ tends
to 1. Besides, it is found that the real part of the frequency and the corresponding phase velocity have the
first-order gap with a jump that increases with a decreasing parameter ξ. Instead, the imaginary part of
the frequency is a continuous function, and the group velocity has a singularity at the bifurcation point.
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Узагальнене рiвняння дифузiї з просторово-часовою
нелокальнiстю.Моделювання функцiї пам’ятi
П.П. Костробiй1, Б.М.Маркович1,М.В. Токарчук2,1
1 Нацiональний унiверситет “Львiвська полiтехнiка”, вул. С. Бандери, 12, 79013 Львiв, Україна
2 Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв, Україна
Представлено загальний пiдхiд для отримання узагальнених рiвнянь переносу з дробовими похiдними,
використовуючи рiвняння Лiувiлля з дробовими похiдними для системи класичних частинок та метод
нерiвноважного статистичного оператора Зубарєва в статистицi Гiббса. Отриманi новi немарковськi рiв-
няння дифузiї iонiв у просторово неоднорiдному середовищi з фрактальною структурою та узагальненим
рiвнянням дифузiї Каттанео-Максвелла з урахуванням просторово-часової нелокальностi. Знайдено дис-
персiйнi спiввiдношення для рiвняння дифузiї Каттанео-Максвелла з урахуванням просторово-часової
нелокальностi в дробових похiдних. Розраховано частотний спектр, фазову та групову швидкостi. По-
казано, що частотний спектр має хвильову поведiнку з розривами, якi також проявляються в поведiнцi
фазової швидкостi.
Ключовi слова: рiвняння Каттанео, рiвняння дифузiї Каттанео-Максвелла, статистика Гiббса,
нерiвноважний статистичний оператор
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